Recently it was shown that the Fibonacci numbers can be expressed in terms of multinomial coefficients as sums over integer partitions into odd parts. In this paper, we introduce a similar representation for the Padovan numbers. As a corollary, we derive an infinite family of double inequalities.
Introduction
Integer sequences appear often in many branches of science. One famous example is the Fibonacci numbers that have been known for more than two thousand years and find applications in mathematics, biology, economics, computer science, physics, engineering, architecture, and so forth [, ] . See also all volumes in the same conference series as [] . Recall [] that the sequence {F n } n≥ of Fibonacci numbers is defined by the recurrence relation
with seed values Other sources may start the Padovan sequence at a different place. See for example Stewart's paper [] , where this sequence starts with P  = P  = P  = . It is well known that the ratio of consecutive Fibonacci numbers tends to the golden ratio ϕ, i.e.,
As with the Fibonacci sequence, the ratio of successive Padovan numbers has a limiting value as n tends to infinity. This value is called the plastic number ρ,
which is the unique real solution of the cubic equation
A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n. The terms of the sequence are called the parts of the partition.
Recently, Merca [], Corollary , proved that the Fibonacci numbers can be expressed in terms of multinomial coefficients as sums over integer partitions into odd parts, i.e.,
where a k = k - and x stands for the smallest integer not less than x. Because ρ is smaller than ϕ, the Padovan sequence increases much slower than the Fibonacci sequence. Nevertheless, the nth Padovan number can be expressed in a similar way as a sum of multinomial coefficients over integer partitions of n into odd parts. The difference is given by the fact that these partitions have no part equal to .
Theorem  For n > ,
where a k = k -.
Proof From () it follows easily that
where δ i,j is the Kronecker delta. Then the statement of the theorem follows directly from [], Theorem .
By Theorem  it is clear that the number of integer partitions of n into odd parts greater than  is less than or equal to the nth Padovan number, for any positive integer n. As seen in [, ], this inequality can be improved by exploring the number of multinomial coefficients over integer partitions into odd parts greater than . As a consequence of these facts, a family of double inequalities will be introduced in the paper.
We note that the inequalities proved in this article are, in fact, analytic statements. However, to our knowledge, there are no analytic proofs for these types of results.
2 On the multinomial coefficients over the partitions into odd parts greater than 1
In [], Q k (n) denotes the number of multinomial coefficients satisfying
In this section, we denote by Q k (n) the number of multinomial coefficients such that
Denoting by q (n) the number of integer partitions of n into odd parts greater than , it is clear that
and
We use the convention that q () =  and q (n) =  for any negative integer n. Similar to [] , Theorem , we obtain the following.
Next, we relate Q k (n) and Q k (n) in order to derive the generating function for Q k (n) if k =  or a prime power.
Proposition  If k is a prime power greater than
where x stands for the greatest integer less than or equal to x.
Proof Let M k (n) denote the number of multinomial coefficients satisfying
In [], Guo showed that M p r (n) equals to the number of positive integer solutions (x, y) of the equation
By the same argument, Q p r (n) equals to the number of positive integer solutions (x, y) of () with x, y odd and x = y. Moreover, Q p r (n) equals to the number of positive integer solutions (x, y) of () with x, y odd, x, y > , and x = y.
Note that if Q p r (n) > , then (, y) with y odd is a solution to (). In addition, (x, ) with x odd is a solution to () if and only if p r - divides n -. Thus, () follows.
Considering relation () and the closed form of the generating functions for Q  (n) and
On the other hand, by [] , Theorem , it is not difficult to derive the following.
Theorem  Let k be a prime power. For k
> , |x| < , ∞ n= Q k (n)x n = x k ( -x  )( -x (k-) ) - x k  -x k - x k+  -x  - x k-  -x (k-) .
A family of double inequalities
In this section, we denote by a n the nth positive integer that is not a power of , i.e., {a n } n≥ = {, , , , , , , , , , , , , , , , , . . .}.
According to [] , A, we have a n = n +  + log  n +  + log  (n + ) .
where G j (x) is the generating function for Q j (n).
Proof According to [] , A, the generating function for q (n) is given by
On the other hand, for |x| < /ρ it is well known [], A, that the generating function of the Padovan sequence has the closed form
Then, using equation (), it follows easily from Theorem  that
Equation () implies that the inequality is strict.
In fact, Theorem  and relation (), imply that the sequence {B k (x)} k> is strictly monotonically decreasing for  < x < /ρ. A few special cases of Theorem  can easily be derived. So for k ∈ {, , }, we obtain
In the cases k ∈ {, , } the inequalities are more involved. It is still an open problem to give the expression of the generating function for Q k (n) when k is a positive integer that is not a prime power. Replacing x by / in the last inequalities, we get the following inequalities:
Theorem  Let k be a positive integer. For  < x < ,
and, for k ≥ ,
where p k is the kth positive integer that is a prime power.
Proof By (), we have the inequality
For  < x < , from (), (), and (), we can write
where G j (x) is the generating function for Q p j (n). The proof follows easily considering Theorem .
The cases k ∈ {, } of Theorem  can be written as
For k >  the inequalities are more involved. Replacing x by /, we obtain
For  < x < , we remark that the sequence {A k (x)} k> is strictly monotonically increasing. In addition, Theorems  and  can be written as follows.
Theorem  Let k  and k  be positive integers. For  < x < /ρ,
The case k  = k  =  and x = / of this theorem reads
The following inequality follows directly from Theorem .
Corollary  Let k be a positive integer. For
Many special cases of this corollary can easily be derived. For instance, considering the case k =  and x = / of this corollary, we obtain
For k =  and x = /, we have
Another family of upper bounds for ∞ n= x n /( -x n ) can easily be derived by () if we use Theorem .
Theorem  Let k be a positive integer. For
Proof According to (), we have the inequality
Using equations () and (), the generating function of the Padovan sequence, and Theorem , we arrive at our conclusion.
The sequence {C k (x)} k> is strictly monotonically decreasing when  < x < /ρ. For k ∈ {, , , , }, we note the identity
Other inequalities
By (), it is an easy exercise to derive the following identity:
where n, k are a non-negative integers such that n ≥ k. Then, Theorem  (with k = ) implies that, for n ≥ k, we have
The next theorem introduces an infinite family of upper bounds for the generating function of the number of partitions into odd parts greater than .
Theorem  Let k be a positive integer. For  < x < /ρ,
Proof We first give the generating function for S n,k . We have
Therefore,
From (), for x > , we have
Thus, for  < x < /ρ,
and the statement of the theorem follows.
It can easily be checked that, for k < , the inequality in Theorem  reduces to the inequality (). When k =  and  < x < /ρ, Theorem  gives the stronger inequality
Setting x = /, we obtain
which is an improvement to the inequality (). In addition, we remark that a lower bound for this product is given by
Theorem  gives a decreasing sequence of upper bounds for the generating function of the number of partitions into odd parts greater than . To see this, let
Then, for x > , the inequality
That {R k (x)} k≥ is decreasing follows from the identity
and the inequality (). The identity () is easily deduced from the definition of S n,k . As in [], Theorem , we have the following.
Theorem  Let k be a non-negative integer. For
where
with Q  (n) =  for any non-positive n.
Proof Considering the identity () and the case k =  of Theorem ,
the proof is similar to the proof of Theorem .
It is not difficult to check that, for k < , Theorem  reduces to inequality (). If k =  and  < x < /ρ then we obtain the inequality
From this inequality, with x replaced by /, we obtain
This is an improved version of the inequality ().
One can similarly consider the cases k = , ,  in Theorem  to obtain stronger but more complicated inequalities involving the generating function for the number of partitions into odd parts greater than  and the generating function for the number of odd divisors greater than .
Results and discussion
According to Theorem , the nth Padovan number can be expressed as a sum of multinomial coefficients over integer partitions of n into odd parts greater than . This result allows us to derive a family of inequalities (see Theorem ) that involve the Padovan number P n and the number of partitions of n into odd parts greater than , where the trivial inequality q (n) ≤ P n is the first entry. The second entry provides a better inequality
but it involves, in addition, the number of positive odd divisors function
This form of the second entry follows from () and the well-known generating function of
Moreover, using the generating function of n/k ,
for n > , we deduce that
Thus, the third entry in the family of inequalities can be written as
We now use Theorem  to derive a simple expression for Q k (n) when k is a prime power greater than .
Corollary  Let k be a prime power. For k >  and n ≥ k -,
where δ i,j is the Kronecker delta.
Proof From (), with x replaced by x  and k replaced by k -, we obtain
On the other hand, since
we derive
where we have invoked
The proof follows easily from Theorem .
The case k =  of this corollary is given by
In this context, the case k =  of Theorem  can be written as
It is still an open problem to give a formula for Q k (n) when k is not a prime power.
Concluding remarks
A representation for the Padovan number P n as sum of multinomial coefficients over integer partitions of n into odd parts greater than , has been introduced in this paper. For  < x < /ρ, this result allows us to approximate the infinite product We remark that this infinite sum can be replaced by a series which converges much faster for |x| < .
Theorem  For |x| < , By this relation, with a n replaced by x n and q replaced by x  , we obtain This concludes the proof.
Finally, we note that when the problem of finding a closed form for the generating function of Q k (n) for arbitrary k will be solved, then further, stronger inequality families will follow by the methods used in this article.
